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Inverse Problems

e -.

- Input observations b € R™
- Known forward process A : R" — R™
Deblurring Problem

- Target reconstructions x € R”

- Noise e € R™

Challenges
- Large scale

- Ill-posedness

- Uncertainty quantification

Tomography Problem
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Machine Learning Techniques for Inverse Problems

Previous Works

- Full inversion, surrogate modeling [Kulkarni et al. 2016]
- Prior learning [Afkham et al. 2027; Li et al. 2020]

- Uncertainty quantification [Goh et al. 2019; Lan et al. 2022]

[Arridge et al. 2019],[Bai et al. 2020],[Lucas et al. 2018]
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Encoder Decoder Networks

Supervised learning technique, popular network architecture in a variety of
machine learning tasks
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Unsupervised learning technique, often used in dimensionality reduction and
denoising applications

input latent target
encoder decoder
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Theory for Linear Autoencoders

Consider
7y = ex(x) = Ex with EeR™"

and
x &~ dy(zx) = Dzy with D e R™'

Then, define a linear autoencoder
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Bayes Risk Minimization

Let X be a random variable with a given probability distribution. An optimal linear
autoencoder is given by

(E,D) = argmin E |DEX — X||?
ED

which simplifies to

¥ = argmin £(Y) = E|[YX — X[ = E[|(Y ~ DX|
rank(Y)<r
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Bayes Risk Minimization

Given random variable X with

cEX=p
- EXXT =LLT + pupu” = NNT, with N = [L p]

Optimization Problem

i f(Y) =Bt (xT(Y )Y - I)x) —Etr ((Y DY - I)XXT)

=t [(Y-DT(Y-DEX] :tr(NT(Y—I)T(Y—I)N):H(Y—I)NHE

NNT
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Bayes Risk Minimization

| Theorem o

Let matrix N € R™(+1) have full row rank with SVD given by N = UxNZn VY.
Then

vV T
Y = UN,rUer,

where Uy, contains the first r columns of orthogonal matrix U, is a solution
to the minimization problem

min YN - N|}?
rank(Y)<r

having a minimal ||Y||;. This solution is unique if and only if either r > n or
1 <r<nando;(N) > o,41(N). [Friedland and Torokhti 2007}, [Chung and Chung 2017]
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Bayes Risk Minimization Summary

- The low rank solution Y = UN,rUlT” is unique for given conditions
- The decomposition into encoder E and decoder D is not unique, since
Y = Un, KK U,
—
D E

for any invertible r x r matrix K
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Empirical Bayes Risk

- Work directly with samples of a fixed distribution

- Realizations xq,...,xy of random variable X stored as
X = [x,...,xy] € RN
One optimal choice of encoder and decoder
E=K!Uj, and D=UxK

which is a low-rank SVD approximation of X
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Paired Autoencoders for Inference and Regularization (PAIR)

Key ideas
- use unsupervised learning to create A EB B
an autoencoder for targets, x
- use unsupervised learning to create .

an autoencoder for inputs, b

- use supervised learning to find a
. . b encoder - decoder b
forward and/or inverse mapping o dy
between latent spaces

[Kun et al. 2015]
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Linear Mapping between Latent Spaces

- Inverse mapping: Consider

7x = eX(X1) ex(x,\,) and g = eb(bl) eb(bM)

then, using empirical Bayes risk minimization

M; = argmin |MZp — Zx||? = ZxZ}
M

- Forward mapping: Analogously,

M; = ZpZ§
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Computed Tomography Example with Shepp Logan Phantoms

Noisy Sinogram Inputs, b Shepp Logan Targets, x
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Results from Linear PAIR
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Comparison of Linear Techniques
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Deblurring Example with MNIST Digits

Blurry Digit Inputs, b Clear Digit Targets, x
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Nonlinear PAIR for MNIST Deblurring

X X
Sl | E
EH 1B

b b

encoder e,(b) decoder dy(z)
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Experiment Methodologies

- 60,000 28 x 28 pixel handwritten MNIST images (50, 000 training and 10, 000
testing)

- Both convolutional neural network (CNN) autoencoders, each with 236
parameters

- 2 layer encoder (77 parameters), 3 layer decoder (159 parameters)
- 3 x 3 kernel

- RelU activation at each inner layer, sigmoid at output layer
- Adam optimization
- mean squared error loss

- Latent space with dimension 7 x 7 x 3
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Advantages and Disadvantages

0.8
—PAIR
f R h d A - - Encoder/Decoder Direct Inversion
-+ PAIR can outperform existing methods 507}
when (# paired training images) is a |
. . . . . o 1
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Conclusions and Future Work

Conclusions

- Autoencoders can be used for dimension reduction in inverse problems
- Unsupervised learning of inputs and targets
- Supervised learning for mapping between latent spaces

- Theory for linear autoencoders and linear mappings
- Numerical results are promising, when paired data is limited

Future work

- Approximating the adjoint

- Define new regularization/priors: approximate mean or prior covariance

- Surrogate Models: create a reduced model with a snapshot matrix for
forward propagation of dynamical systems
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